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Modelling the delay
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Modelling the delay
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3 τ = (t2 − t1)(1− LG) (in TT)
with LG = 6.969290134 · 10−10

Kaplan 2005, U.S. Naval Observatory
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Solving the light-time-equation

Usual approach: Numerical method (e.g., Newton-Raphson)
Sekido & Fukushima, 2006, JGeod, 80, 3

Duev et al., 2012, A&A, 541, A43
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Analytical delay formula

The difference in signal arrival times, in GCRS, is

τTGC = t2 − t1 = t2 − t0 + t0 − t1 = ∆t2 + ∆t0,

Transforming to the terrestrial time,

τTT = (∆t2 + ∆t0) (1− LG) ,

with

∆t0 = γ20

[
~x01 · ~v0
c2

− tg 01

]

−

√
γ40

[
~x01 · ~v0
c2

− tg 01

]2
+ γ20

[
x201
c2

− t2g 01

]
,

and

∆t2 = γ22

[
tg 02 −

~x02 · ~v2
c2

]

+

√
γ42

[
tg 02 −

~x02 · ~v2
c2

]2
+ γ22

[
x202
c2

− t2g 02

]
.

For details see Jaron & Nothnagel, 2018, JGeod .
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Testing the model

Differences between analytical and numerical solution?

How large?

Any systematics?
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Testing the model
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Applicability to GRASP and E-GRASP

Proposed co-location of SLR, GNSS, DORIS, and VLBI, in space:

GRASP e = 0.03 Bar-Sever et al. 2009

E-GRASP e = 0.3 Biancale et al. 2017

Kepler’s equation: E = M + e sinE
Mean anomaly: M = M0 + n(t− τ)

Angular velocity: n =
√

GMEarth
a3

Observing perigee passage 105 times with random baselines results
in:
< |analytical - numerical| >

GRASP: (1.6± 1.5) 10−21 s
E-GRASP: (2.3± 2.0) 10−21 s
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Exploring the parameter space

Simulating 106 random observations

Dependency on eccentricity
Modeling the VLBI delay for Earth satellites

Fig. 4 Absolute value of the difference between analytical and numer-
ical solution plotted against the eccentricity e of the orbit. For
eccentricities e � 0.9 the differences do not exceed a value of 10−18 s.
For eccentricities larger the differences become larger, but do not exceed
10−12 s. In this plot we show a subset of 104 trial of the Monte Carlo
simulation. The quality of the plot does not change for larger subsets

For very large eccentricities (i.e., e � 0.9) the differences
become five orders of magnitude larger than for the majority
of values (i.e., e � 0.9), which is why the overall average
(i.e., 0 ≤ e < 1) is dominated by the values for the high
eccentricities.

4 Conclusion

VLBI observations of Earth satellites are of increasing inter-
est for geodetic applications, because they bear the great
potential of improving the frame ties between ICRFand ITRF
(Plank 2014). Modeling the VLBI delay is a very important
part of correlation and in particular for parameter estimation
in the post-correlation analysis. Earth satellites, being in the
near-field of terrestrial VLBI, need especially suited delay
models which take into account the curvature of the signal
wavefronts and which work in a reference system suited for
processes taking place in the vicinity of the Earth, i.e., the
GCRS. In addition, parameter estimation depends on par-
tial derivatives of the observable group delay with respect to
parameters of interest. Near-field VLBI delay models devel-
oped so far (Klioner 1991; Sovers et al. 1998; Moyer 2000;
Sekido and Fukushima 2006; Duev et al. 2012) depend on
numerical and iterative computation of the position of the
satellite during the time of emission of the observed signal,
and hence, they need to be differentiated numerically.

We have developed an analytical near-field VLBI delay
formula, Eq. (10), based on the assumption that linearizing
the trajectory of Earth satellites is a valid approximation.
Testing the model with simulated satellite observations con-

firmed that this simplification results in differences between
analytically and numerically computed delayswhich arewell
below the detection limit of current VLBI. We note that
for elliptical orbits with eccentricities larger than e = 0.9
these differences can reach the picoseconds level, while for
less eccentric orbits the differences stay well below 10−18 s.
Based on our experience solving the light time equation
numerically takes 4–5 iterations. This means that using our
formula is five times (compared to Sekido and Fukushima
2006) to ten time (compared to Duev et al. 2012) as fast as
using numerical computation.

Equation (10) can be regarded as an analytical observation
equation for VLBI observations of Earth satellite and hence
implies the possibility of analytically calculating the partial
derivatives for parameters of interest, under the condition
that a priori values for these parameters are sufficiently pre-
cisely known and that they can be analytically included into
Eqs (14) and (17). Parameters to be estimated could include,
e.g., orbital parameters of satellites, phase centers of antenna
arrays onboard satellites, positions of radio transmitters on
the Moon, the coefficients of spherical harmonics describing
the gravitational field of the Earth or the center of mass of
the Earth.

Acknowledgements The authors thank Armin Corbin for carefully
reading the manuscript. This research is supported by the Deutsche
Forschungsgemeinschaft, DFG, Project Number NO 318/14-1.

Appendix A: Derivation of the formulas

In this section we give a detailed derivation of the analytical
formulas for the signal travel times. Since the final quantity
of interest is the difference of the signal travel time, without
loss of generality the time of reception of the signal at station
one is defined to be zero, and the other times, i.e., the time
of emission and time of reception at station two, are then to
be understood relative to zero.

In the following all quantities denoted by x (positions) and
v (velocities) are elements of R3, while quantities denoted
by t (time) are elements of R.

A.1: From sender to station 1

The light time equation for the signal propagation path from
the sender to station one is

t0 = −|x0(t0) − x1(t1)|
c

− tg 01, (32)

where x1(t1) is the position of receiver one at time t1, both of
which are known quantities, tg 01 is the gravitational delay.

123

d = 1
N

∑N
i=1 |τana,i − τnum,i|

d [s] e-range

(7.3± 14.1) 10−20 0.0− 0.9
(1.6± 358) 10−15 0.9− 1.0
(1.5± 108) 10−16 0.0− 1.0

|analytical− numerical| < 1 ps
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Conclusions

1 Light-time equation has an analytical solution when linearized.

2 For Earth satellites: differences between numerical and
analytical solution is way below the detection limit of VLBI.

3 Analytical delay formula implies analytical partial derivatives.

Jaron & Nothnagel, 2018, JGeod
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Analytical solution for t0

Linearize satellite orbit around t1,

~x0, lin(t) = ~x0(t1) + ~v0(t1) · [t− t1]. (1)
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Analytical solution for t0

t0 = −|~x0 + ~v0 · t0 − ~x1|
c

− tg 01. (4)

⇒ [t0 + tg 01]2 =
|~x0 + ~v0 · t0 − ~x1|2

c2
(5)
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Analytical solution for t0

t0 = −|~x0 + ~v0 · t0 − ~x1|
c

− tg 01. (4)

⇒ [t0 + tg 01]2 =
|~x0 + ~v0 · t0 − ~x1|2

c2
(5)

Quadratic equation in t0 with the two formal solutions

t0 = γ2
0

[
~x01 · ~v0

c2
− tg 01

]

±

√
γ4

0

[
~x01 · ~v0

c2
− tg 01

]2

+ γ2
0

[
x2

01

c2
− t2g 01

]
, (6)

with ~x01 = ~x0 − ~x1 and γ2
0 =

(
1− v2

0/c
2
)−1

.
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Analytical solution for t0

t0 = −|~x0 + ~v0 · t0 − ~x1|
c

− tg 01. (4)

⇒ [t0 + tg 01]2 =
|~x0 + ~v0 · t0 − ~x1|2

c2
(5)

Since t0 has to be negative, the correct solution is

t0 = γ2
0

[
~x01 · ~v0

c2
− tg 01

]

−

√
γ4

0

[
~x01 · ~v0

c2
− tg 01

]2

+ γ2
0

[
x2

01

c2
− t2g 01

]
, (6)

with ~x01 = ~x0 − ~x1 and γ2
0 =

(
1− v2

0/c
2
)−1

.
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Analytical solution for t2

Linearize position of station 2 around t1,

~x2, lin(t) = ~x2(t1) + ~v2(t1) · [t− t1]
t1=0
= ~x2 + ~v2t. (7)
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Inserting (2) and (7) into (9) yields

∆t2 =
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c
+ tg 02 (10)
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Analytical solution for t2

∆t2 =
|~x0 + ~v0t0 − [~x2 + ~v2[∆t2 + t0]]|

c
+ tg 02

=
|~x02(t0)− ~v2∆t2|

c
+ tg 02, (11)

with ~x02 = ~x0 − ~x2 + [~v0 − ~v2]t0.
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|~x0 + ~v0t0 − [~x2 + ~v2[∆t2 + t0]]|

c
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=
|~x02(t0)− ~v2∆t2|

c
+ tg 02, (11)

with ~x02 = ~x0 − ~x2 + [~v0 − ~v2]t0.

(11)⇒ [∆t2 − tg 02]2 =
[~x02 − ~v2∆t2]2

c2
(12)

with the two formal solutions

∆t2 = γ2
2

[
tg 02 −

~x02 · ~v2

c2

]

±

√
γ4

2

[
tg 02 −

~x02 · ~v2

c2

]2

+ γ2
2

[
x2

02

c2
− t2g 02

]
, (13)

where γ2
2 =

(
1− v2

2/c
2
)−1

.
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Analytical solution for t2
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|~x0 + ~v0t0 − [~x2 + ~v2[∆t2 + t0]]|

c
+ tg 02

=
|~x02(t0)− ~v2∆t2|

c
+ tg 02, (11)

with ~x02 = ~x0 − ~x2 + [~v0 − ~v2]t0.

(11)⇒ [∆t2 − tg 02]2 =
[~x02 − ~v2∆t2]2

c2
(12)

Since the light travel time ∆t2 is positive,
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]
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√
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c2
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+ γ2
2

[
x2

02
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− t2g 02

]
, (13)
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2/c
2
)−1
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