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Geodetic VLBI observations of Earth satellites

Idea:
@ Include observations of Earth satellites into geodetic VLBI
sessions.
Why?
@ Improve frame-ties between celestial and terrestrial reference
frames Plank 2014, PhD thesis
Technical challenges Haas et al. 2017 , Plank et al. 2017, JGeod
@ Tracking moving targets with radio telescopes
@ No satellite emitting a signal optimized for geodetic VLBI
— Poster by Ahmad Jaradat on P109
@ Fringe-fitting artifical radio signals
— Klopotek et al. 2019, Earth Planets Space, 71:23 — Next talk!
@ Suitable modelling of the VLBI delay — This talk. ..
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Geometry at reception time t;

Satellite orbit

x0(t1)
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Solving the light-time-equations

@ To find ¢y and x¢(¢g), vary to until

Satellite orbit

[xa(ta) — xo(to)]
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Solving the light-time-equations

@ To find ¢y and x¢(¢g), vary to until

Satellite orbit

[xa(ta) — xo(to)]

to =11 — tgo1

is fulfilled to desired precision.

@ To find t5 and x5(t2), vary to until

Xo(ta) — xq(t
t2=t0+—| 2(2)0 0(0)|+th2

is fulfilled to desired precision.

Q 7=(ta—t1)(1— Lg) (in TT)
with Lg = 6.969290134 - 1010
Kaplan 2005, U.S. Naval Observatory
Circular, No. 179
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Usual approach: Numerical method (e.g., Newton-Raphson)
Sekido & Fukushima, 2006, JGeod, 80, 3
Duev et al., 2012, A&A, 541, A43

Frédéric Jaron (IGG, University of Bonn) An analytical VLBI delay formula for Earth satellites March 19, 2019 5/11



W

UNIVERSITAT I

Solving the light-time-equation

Usual approach: Numerical method (e.g., Newton-Raphson)
Sekido & Fukushima, 2006, JGeod, 80, 3
Duev et al., 2012, A&A, 541, A43

Can the light-time-equation be solved
@ analytically

@ linearizing the problem?

Frédéric Jaron (IGG, University of Bonn) An analytical VLBI delay formula for Earth satellites March 19, 2019 5/11



W

UNIVERSITAT I

Solving the light-time-equation

Usual approach: Numerical method (e.g., Newton-Raphson)
Sekido & Fukushima, 2006, JGeod, 80, 3
Duev et al., 2012, A&A, 541, A43

Can the light-time-equation be solved
@ analytically

@ linearizing the problem?
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The difference in signal arrival times, in GCRS, is
TrGge =ta —t1 = to — tg + tg — t1 = Ate + Atp,
Transforming to the terrestrial time,

TTT = (Atz + Ato) (1 — Lg) ,

with
01 .
Atg = ’Yg - thl]
2 22,
9301 2
-1 + —t
\/’Y g01:| ’Yo [ o2 g01:|
and
Toz2 - U2
Aty = 20t 02— ——
72 |lg 2

S 12 2
4 202 - V2 2 | Zo2 2
+\/"/2 |:th2_ 2 :| + 73 [02 _tg()g .

For details see Jaron & Nothnagel, 2018, JGeod .
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Differences between analytical and numerical solution?
e How large?

@ Any systematics?
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Proposed co-location of SLR, GNSS, DORIS, and VLBI, in space:
@ GRASP e = 0.03 Bar-Sever et al. 2009
@ E-GRASP e = 0.3 Biancale et al. 2017

Kepler's equation: E =M +esinFE
Mean anomaly: M = My +n(t —71)

Angular velocity: n = \/%

Observing perigee passage 10° times with random baselines results
in:
< |analytical - numerical| >

GRASP: (1.6 +1.5)107%s
E-GRASP: (2.342.0)1072!s
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Exploring the parameter space

Simulating 10° random observations

Dependency on eccentricity
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@ Light-time equation has an analytical solution when linearized.

@ For Earth satellites: differences between numerical and
analytical solution is way below the detection limit of VLBI.

© Analytical delay formula implies analytical partial derivatives.

Jaron & Nothnagel, 2018, JGeod
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@ Light-time equation has an analytical solution when linearized.

@ For Earth satellites: differences between numerical and
analytical solution is way below the detection limit of VLBI.

© Analytical delay formula implies analytical partial derivatives.

Jaron & Nothnagel, 2018, JGeod

Thank you!
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Analytical solution for ¢, UNNERS”ATE!M-

Linearize satellite orbit around t1,

fO,lin(t) = :i"o(tl) + 170(t1) . [t — tl]. (1)
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To,1n(t) = Zo(t1) + To(t1) - [t — ta]. (1)
Shift time-axis such that ¢; = 0,
%0, 1in(t) = Zo + U - t. (2)

Light-time-equation for g,

T
t():—il—tgm. (3)
Inserting (2) into (3) yields

Ty + Up - to — T1
to = —| p | — tgo1- (4)
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_|f0+170~t0—f1|

to — tg 01- (4)
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Analytical solution for ¢, UNNERS”ATE!M-

Ty + Up - to — T1
to = —| : | —tgo1- (4)

o + Tp - to — & [
= [t + tgorp = 12 E T 0 2 01 ©)
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Analytical solution for ¢, UNNERS”ATE!W.

Ty + Up - to — T1
to = —| : | —tgo1- (4)

Zo + Uo - to — 71|
= [t + tgorp = 12 E T 0 2 01 ©)

Quadratic equation in tg with the two formal solutions

2 | Zo1 - U0
o = 7 [02 _tg01:|

2

- — 2
Zo1 * Vo X
[ PR] [ ], @

with fOl = fo — fl and 'yg = (1 —U%/C2)_1.

Frédéric Jaron (IGG, University of Bonn) An analytical VLBI delay formula for Earth satellites March 19, 2019 3/6



Analytical solution for ¢, UNNERS”ATE!W.

Ty + Up - to — T1
to = —| : | —tgo1- (4)

Zo + Uo - to — 71|
= [t + tgorp = 12 E T 0 2 01 ©)

Since tg has to be negative, the correct solution is

2 | Zo1 - U0
o = 7 [02 _tg01:|

— — 2 2
Zo1 * Vo X
8|2 ] o [ - 20| @)

with fOl = fo — fl and 'yg = (1 —U%/C2)_1.
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5271111(1;) = _‘Q(tl) + Ug(tl) . [t — tl] =" Ty + Ust. (7)
Light-time-equation for ts,
Zo(to) — Z2(t
to =to + [Zo(to) B 2(t2)] + tg02- (8)
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— — - t1=0 - —
$2,lin(t) = 2(151) + ’Ug(tl) . [t — tl] = 9 + Uat. (7)
Light-time-equation for ts,
Zo(to) — Z2(t
to = tg + [Zo(to) 2(t2)] + tg02- (8)

C

Introducing the light-travel time Aty = to — tg,

_ |fo(t0) — fQ(AtQ + t0)|
C

Ato + tg02- (9)
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Analytical solution for ¢, —

Linearize position of station 2 around t1,

- - - =0 , .
Toqin(t) = To(th) + Ta(tr) - [t —t1] = To + Uat. (7)
Light-time-equation for ¢,
.fg to) — fg to
t2=t0+| ( )c ( )‘+tg02- (8)

Introducing the light-travel time Aty = to — to,

_ |fo(t0) — fQ(AtQ + t0)|
C

Inserting (2) and (7) into (9) yields

Aty

+ tg02. (9)

To + Vpto — [To + Ua|Atg + ¢
Atg:‘ 0 0%0 [QC 2[ 2 0]”—|—th2 (10)

Frédéric Jaron (IGG, University of Bonn) An analytical VLBI delay formula for Earth satellites March 19, 2019 4/6



W

Analytical solution for ¢ —

i) + U()t() — T2 + v Atjg + t()
Atjg — | [ c 2[ ]” + tg 02
x to) — At

with Zgo = ¥y — T2 + [17() — 172]750.
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i) + U()t() — T2 + v Atjg + t()
Atjg — | [ c 2[ ]” + tg 02
x to) — At

with Zgo = ¥y — T2 + [17() — 172]750.
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Analytical solution for ¢, —

1_)10 + 170t0 - :Tfjg + U Atjg + t()
Atjg — | [ c 2[ H | + tg 02
x to) — At
| 02( 0) V2 2| ¢ 5 (11)

with Zgo = Zo — T2 + [17() — ?72]750.

[Zog — TaAto)?

2
(11) = [Aty — tg02]” = =2 (12)
with the two formal solutions
Zo2 - Vo
Aty = fy% |:tg 02 — 2 ]

— - 12 2
ZTo2 - V2 X
iws = 2] g [T ] as)

-1
where 42 = (1 —v2/c?)" .
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Analytical solution for ¢, —

1_)10 + 170t0 - :Tfjg + U Atjg + t()
Atjg — | [ c 2[ H | + tg 02
x to) — At
| 02( 0) V2 2| ¢ 5 (11)

with Zgo = Zo — T2 + [17() — ?72]750.

[Zog — TaAto)?

5 (12)

(11) = [Aty — tgpo]® = -

Since the light travel time Ats is positive,

To - Vo
Aty = 73 [thZ_ 2 ]
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Satellite orbit
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